Using experimental data from literature and general concepts of thermodynamics of materials, we propose a macroscopic continuum model to describe the nonlinear mechanical behavior of proteinaceous biomaterials such as the whelk egg capsule biopolymer (WECB). This model provides a relationship between macroscopically observed mechanical properties of WECB and physical mechanisms of phase transition in this biomaterial from the -helix in the native (unstrained) state to the -sheet in the deformed state. The extent of this phase transition is represented by a scalar variable whose evolution during straining and relaxation is determined from the macroscopically measured stress-strain data. The proposed theory models the complete recovery of deformation (superelasticity) and the complete recovery of stiffness (self-healing) observed for WECB in cyclic tensile tests.
Introduction
The characteristic feature of elastomeric materials such as natural and synthetic rubbers as well as soft tissues is their remarkably high and largely recoverable extensibility. All these materials manifest highly nonlinear stressstrain relations with strain-stiffening preceding failure. This behavior is a result of predominantly entropic nature of their elasticity allowing for large reversible deformations and strain-stiffening effect [1, 2] . Many biological materials also exhibit a high recoverable extensibility but their elastic response appears to be not only of entropic nature. In particular, the experimental thermo-mechanical characterization of the whelk egg capsule biopolymer (WECB) recently reported in the literature [3] [4] [5] [6] shows that this proteinaceous biomaterial is capable of balancing multiple, seemingly incompatible properties such as superelasticity, energy dissipation, and self-healing. These properties cannot be explained within classical concepts of entropic elasticity. Recent experimental studies [3] [4] [5] [6] show that this material when subject to tensile deformations undergoes a crystalline phase transition from thehelix to -sheet and it relaxes back to the original -helical conformation when the deforming stresses are removed. However, so far no attempts have been undertaken to develop constitutive models for this class of materials.
In this work, we focus on the problem of modeling the macroscopic mechanical properties of WECB in relation to the physical mechanisms of phase transition in this biomaterial from the -helix in the native state to the -sheets in the deformed state. This mechanism is used as a model to explain the superelastic and self-healing phenomena in this and other proteinaceous biomaterials. Some of the basic mechanical properties of WECB are shortly summarized in Section 2. Introducing an additional scalar structural variable into the free energy function to quantify an extent of the -helix -sheet phase transition due to straining of the material, the constitutive model for WECB is formulated in Section 3. It is shown that the evolution law for this variable is uniquely determined from the macroscopic stress-strain data measured in a cyclic tensile test. Finally, in Section 4, the efficiency of the developed methodology for the case of the free energy function assumed in the Flory's form [7] for non-entropic elasticity of protein based materials is discussed. The predictive capability of the theory is illustrated for the simplest possible case of the free energy function.
Mechanical characterization of WECB
The results reported in [3] [4] [5] [6] prove that the fully processed whelk egg capsule wall or WECB is a highly extensible proteinaceous material with characteristics properties such as:
(I) In the quasi-static tensile test up to failure, the stress-strain curve reveals three almost linear regions with distinctly different elastic moduli (Fig. 1a) . At very low strains, WECB has a high elastic modulus (in the range of 160 MPa). However, close to "yield" strain in the range of 3-5% the modulus strongly drops and remains nearly constant up to around 80% strain and then increases again to approximately 11 MPa. This behavior is different from one observed in other elastomeric materials such as natural and synthetic rubbers featuring the S-shaped stress-strain relationship and many soft tissues characterized by the J-shaped stressstrain relationship. The different character of the WECB stress-strain relationship is a first indication of a non-entropic elastic nature. (II) When deformed below its breaking strain and unloaded afterwards, WECB completely and instantaneously recovers its initial state (no residual strains or permanent set are observed). This behavior is similar to the typical behavior of shape memory alloys (SMAs) and hence the whelk egg capsule biopolymer is quantified as possessing the superelastic property although SMA and WECB are totally different materials. (III) When cyclically loaded to a point below its breaking strain, WECB undergoes an energy absorbing hysteresis but the reloading curve completely coincide with the primary loading curve of the virgin material (Fig. 1b) . This property is totally absent in all elastomeric materials including rubbers and soft tissues for which the primary loading, unloading and reloading curves are different. The complete recovery of stiffness for a seemingly infinite number of cycles without external stimuli quantifies this biomaterial as a selfhealing material. (IV) The complete recovery of stiffness is also observed when WECB is cyclic strained to successively increasing strain levels (Fig. 2a) . This property is in a sharp contrast to the stress softening behavior of typical elastomeric materials including many biological materials. The indicated properties show that WECB is not elastic in the classical sense of mechanics because the loading and unloading curves do not coincide. However, in contrast to other inelastic materials, this biomaterial recovers almost instantaneously and completely its initial state and stiffness. These properties of superelasticity and selfhealing may be modeled within the general thermomechanical framework developed in [8] .
Macroscopic modeling of transition
Recent thermomechanical and structural analyses by Wasko [6] and previous studies [3] [4] [5] indicate that the macroscopically observed properties of WECB are not entropically driven, but they result from the internal energy changes associated with a fully reversible -helix ß-sheet phase transition. At the macroscale, this process may be characterized by a single scalar variable which quantifies an extent of the ß transition as a result of straining . Under this assumption, the constitutive modeling of this biopolymer requires the specification of the free energy function which determines the stress associated with the strain and, in addition, an appropriate law describing the evolution of
Here and in the sequel the superimposed dot denotes the differentiation with respect to time. In general, the functional forms of the response functions and ( , ) ( , , ) are only delimited by the reduced dissipation equality
which expresses the law of thermodynamics under isothermal conditions. Considering superelasticity and selfhealing as the basic mechanical properties of WECB, the functional form of the evolution law (1) 2 for may be specified as follows.
Let us consider a deformation process at constant strain rates. In this case, the evolution of will depend on the strain rate only through its sign with sign and quantifying the loading (straining) and unloading (relaxation) process, respectively. Under these assumptions, the evolution law (1) 2 may be integrated to give:
Here, denotes the maximum strain undergone by the material during the loading process. The evolution law (3) and the stress-strain relation (1) 1 with the natural assumption that and fully account for both the complete recovery of strains (superelasticity) and the complete recovery of stiffness (self-healing). The dependency of the response function on the pre-strain takes into account the dependency of the transition on the extent of deformation. At the macroscale, this dependency is manifested by different shapes of the unloading curves observed in the cyclic tensile test, cf. Fig. 2 .
The problem of constitutive modeling of the macroscopically observed behavior of WECB reduces to the specification of the free energy function , and the form of the response functions and appearing in the evolution law (3). In the tensile test up to failure (Fig. 1a) , the stress-strain curve exhibits three nearly linear distinct domains with the tangential modulus depending on the strain level in a characteristic way shown in [3] . Furthermore, the data analysis of a cyclic tensile test (Fig. 2a) shows a characteristic variation of the tangential elastic modulus along the unloading curves from any pre-strain m (Fig. 2b) . In the present theory, the tangential modulus is determined by the derivative of the response function for the strain taking into account the associated evolution law (3). Carrying out the required differentiation with the use of the chain rule yields [8] ( , ) (
Here, or are the tangential moduli along the loading and unloading curves, respectively. Moreover, the coefficient functions and are defined by
.
As shown in Fig. 2b , both and may be determined from the data of monotonic and cyclic tensile tests, respectively. Moreover, the coefficient functions and are given whenever the free energy function is known or assumed. It then follows that the first order differential equation (4) may be solved with an appropriate initial condition to yield the evolution law (3) consistent with the data used for the determination of and .
( )
The presented approach makes it possible to determine the evolution law for the extent of phase transition directly from the measured stress-strain data for any particular form of the free energy function . The modelling of unloading curves developed here is simpler and more direct than the method based on the concept of stress ratio [8] . However, the observed variation of the tangential modulus with straining (Fig. 2b) as well as the variation of the stress ratio presented in [8] shows the same tendency: for higher pre-strains m , both quantities nearly collapse to a single curve indicating certain universal property of the transition while the differences are observed only for very low pre-strains. The pre-strain is in the range of the yielding strain [3] [4] [5] [6] and hence the very different shape of the corresponding curve is observed. It may also be noted that the error in measured stress-strain relations at very low strains is higher leading to a scatter of computed data at this strain level. On the other side, the data presented by Wasko [6] shows that the -helix structure is completely preserved up to the yielding strain and the -helix content begins to decrease only after the yielding point. Accordingly, it must be assumed that for and all . 
Flory's theory of protein elasticity
There is no direct way to identify the macroscopic measure of the phase transition extent with the true physical micromechanisms and different hypothesis may be tested. Following Flory's [7] concept of elasticity of protein-based materials, it may be assumed that is proportional to the volume fraction part of the material which is transformed from the -helix to the -sheet phase as a resulting of straining. In effect, the free energy for the bulk material may be assumed as a sum of the partial free energies, cf. [7] ( ; ) (1 ) ( ) ( ),
where and are the free energies of the -helix and -sheet phase, respectively. The stress-strain relation derived from (6) takes the form
Here and are the response functions for the partial stresses in the two phases. Moreover, by virtue of the dissipation inequality (3) we have in consistency with the experimental observations [6] . It is not difficult to show that under the single assumption (6) the differential equation (3) reduces to the linear one whose general solution may be obtained in the closed form [8] . Furthermore, under the assumption (6) the evolution law (3) may directly be determined from the stress-strain data without necessity of determining the elastic moduli functions. Indeed, combining the stress-strain relation (7) with the evolution law (2) we easily find
where the stress ratio and the normalized stress profiles and
The physical interpretation of these quantities is self-evident. We only note that and are the measurable stress-strain relations while and are determined by the assumed split of the strain energy function (6) . Moreover, at very small strains it must be yielding and . For the strain approaching the failure point, yielding and . These theoretical results are compatible with experimentally observed results [6] .
The same form (8) of the evolution laws may be derived from the differential relation (4) but the procedure is far more difficult to realize for the given data. In particular, under the assumption (6) there is no need to determine the elastic modulus profiles and for the particular data. Instead, the evolution law for may directly be determined from the measured stress-strain data.
Both, the general methodology developed in Section 3 and the special one presented above are exact in the following sense: For any assumed form of the free energy function , both methods lead to an evolution law for the variable which, together with the stress-strain relation (1) 1 , will ensure the complete coincidence of the theoretical results with data from which this evolution law was derived. To illustrate this point let us assume the partial free energies and in the simple quadratic form 
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A A is the constant ratio of the elastic moduli. It could be observed that to obtain the evolution laws for the loading and unloading deformations which are fully compatible with the data it is only necessary to plot the quantities in brackets in (11) as functions of the strain. The form of such functions determined for the data of Fig. 2a is shown in Fig. 3a . These curves may be approximated by, for example, some lower order polynomials which may be used next in the constitutive equation (7) to determine the stress-strain relations. For illustration, the comparison of the theoretical results and data is shown in Fig. 3b for the cycle with maximal pre-strain. It follows that the presented methodology allows to model the data with any required accuracy for any choice of the free energy functions and . ( )
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The assumption (6) is consistent with the experimental results [6] that initially in the unstrained state the material is in the -helix phase for which and it evolves with imposed deformation approaching the -sheet phase at very large strains. However, it must be apparent that the linear form (10) of the free energy functions has been chosen here only for illustration of the general methodology. For materials with entropic elasticity, the free energy is determined by the Boltzmann relation [2, 6, 7] . For proteinaceous biomaterials the choice of the free energy function is not unique and requires further studies. 
Discussion
The present contribution provides a theoretical basis for the macroscopic, i.e. continuum-based modeling of proteinaceous biomaterials having the mechanical properties observed for the whelk egg capsule biopolymer (WECB). This biomaterial displays a true superelasticity in the sense that it fully recovers its shape after the deforming stresses are removed. However, the loading and unloading paths do not coincide and this material is not elastic in the sense of classical theories of elasticity. Moreover, the behavior of WECB is very different from the behavior of known elastomeric materials including soft tissues and other biomaterials. In particular, for WECB the reloading curve completely coincides with the loading curve of the virgin sample, the property totally absents in other elastomeric materials. This complete recovery of stiffness without external stimuli is the manifestation of a kind of self-healing. To describe such a material behavior which is designated as superelasticity with self-healing, a novel modeling framework is presented. This theory is distinct from both superelastic models for shape memory alloys as well as from pseudo-elastic models for the stress softening behavior of elastomeric materials.
